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This paper presents the general solutions of antiplane electro-mechanical ﬁeld solutions for a piezoelectric ﬁnite wedge
subjected to a pair of concentrated forces and free charges. The boundary conditions on the circular segment are consid-
ered as ﬁxed and grounded. Employing the ﬁnite Mellin transform method, the stress and electrical displacement at all
ﬁelds of the piezoelectric ﬁnite wedge are derived analytically. In addition, the singularity orders and intensity factors
of stress and electrical displacement can also be obtained. These parameters can be applied to examine the fracture behav-
ior of the wedge structure. After being reduced to the problem of an antiplane edge crack or an inﬁnite wedge in a piezo-
electric medium, the results compare well with those of previous studies.
 2006 Elsevier Ltd. All rights reserved.
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Antiplane deformation problems of isotropic and anisotropic elastic wedges have been studied in the past
(Erdogan and Gupta, 1975; Ma and Hour, 1989; Chue and Liu, 2001). However, wedge problems involving
piezoelectric materials (e.g., lead zirconate titanate (PZT)) are rarely reported in the literature. Due to the
electro-mechanical coupling behavior, piezoelectric materials are widely used in various application ﬁelds
(Parton and Kudryavtsev, 1988; Gandhi and Thompson, 1992; Uchino, 1997) and it can be found in smart
structures: transducers, wave ﬁlters, sensors, resonators and actuators. These structures may have some wedge
parts in which the geometry and material are discontinuous. Based on fracture mechanics, the stress may go to
inﬁnity at the tip of the wedge. Xu and Rajapakse (2000) discussed the inplane stress singularities of piezoelec-
tric wedges. Chue and Chen (2003) generalized Xu and Rajapakse’s (2000) formulation to study the singularity
orders of the piezoelectric wedges under generalized plane deformation. Chen and Chue (2003) obtained the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.08.006
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shear loads. Based on the complex potential function associated with eigenfunction expansion method, the
eigenvalue equations are also derived analytically. Chue et al. (2003) carried out the singularity orders and
generalized stress, strain, electrical ﬁeld and electrical displacement intensity factors in a piezoelectric inﬁnite
wedge under antiplane deformation by using Mellin transform. For the problem of a ﬁnite piezoelectric wedge
with the boundary condition traction-free/electrically-opened deﬁned at the circular edge, Chue and Liu
(2004) obtained the generalized stress and electrical displacement intensity factors by using the second kind
of ﬁnite Mellin transforms.
The overall goals of this paper are to obtain the full electro-mechanical ﬁelds (e.g., antiplane displacement,
antiplane stresses, electric potential and electrical displacement) of a piezoelectric ﬁnite wedge under antiplane
shear loading by using ﬁnite Mellin transforms method. Furthermore, the generalized intensity factor will be
obtained too. In conventional fracture mechanics, the stress intensity factor is the driving force and the frac-
ture toughness is the material resistance. If the stress intensity factor exceeds the fracture toughness, the major
crack in the material starts to propagate and ﬁnally leads to fracture.2. Problem statement and basic formulations
Fig. 1 shows a piezoelectric ﬁnite wedge with a wedge angle 2a and a ﬁnite radius a. Because the wedge has
an inﬁnite length along the z-axis, this problem becomes a generalized plane deformation problem. The radial
edges (h = ±a) are subjected to a pair of concentrated forces F and free charges Q, and the boundary condi-
tions of the circular segment (r = a) are assumed to be ﬁxed-electrically closed. Since the piezoelectric material
is polarized along the z-axis, the wedge problem will be decoupled to inplane and antiplane problems. The
antiplane ﬁeld couples the antiplane elastic deformation (srz,shz,w) and the inplane elastic parameters
(Dr,Dh,Er,Eh). In this situation, the constitutive equation in cylindrical coordinate system (r,h) is given asFig. 1.shz
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7775 ð1Þwhere sij are the shear stresses, cij are the shear strains, Di are the electric displacements and Ei are the electric
ﬁeld vectors. The material properties C44, e15 and e11 are the elastic stiﬀness constant, the piezoelectric constant
and the dielectric constant, respectively. The shear strain–displacement and electric ﬁeld–electric potential
relations arechz ¼
1
r
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ð2ÞA piezoelectric wedge with a wedge angle 2a and a ﬁnite radius a subjected to a pair of concentrated forces F and free charges Q.
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; Er ¼  o/or ð3Þwhere w and / are displacement and electric potential, respectively. The static equilibrium equations and Max-
well’s equation under electro-static condition are given aso
or
ðrsrzÞ þ oshzoh ¼ 0 ð4Þ
o
or
ðrDrÞ þ oDhoh ¼ 0 ð5ÞIn Eqs. (4) and (5), the body forces and free charges have been neglected, respectively. Substituting Eqs. (1)–(3)
into Eqs. (4) and (5), the governing equations for antiplane displacement w and inplane electric potential / are
obtained asr2w ¼ 0 ð6Þ
r2/ ¼ 0 ð7Þwhere $2 is the Laplacian in (r,h).
From Fig. 1, the radial conditions of the wedge (h = ±a) are as follows:shzðr; aÞ ¼ F dðr  h1Þ
shzðr;aÞ ¼ F dðr  h2Þ
Dhðr; aÞ ¼ Qdðr  h1Þ
Dhðr;aÞ ¼ Qdðr  h2Þ
ð8Þwhere h1 6 h2 and the symbol d denotes the Dirac-Delta function. The solutions of antiplane concentrated
forces act on the surface of the piezoelectric wedge can be used as a fundamental solution to obtain other more
complicated problems. The boundary conditions of the circular segment of the wedge (r = a) are assumed as
clamped and electrically closedwða; hÞ ¼ 0 ð9Þ
/ða; hÞ ¼ 0 ð10Þ3. Solutions and results
The Mellin transform method has been widely used to solve physical problems when the governing equa-
tions are expressed in polar coordinates. The ﬁnite Mellin transforms on a function W(r,h) of the ﬁrst kind is
deﬁned as (Sneddon, 1972)W ðS; hÞ ¼
Z a
0
a2S
rSþ1
 rS1
 
W ðr; hÞdr ð11Þwhere S is a complex transform parameter and the star next to the function W denotes the transformed quan-
tity. The constant Re[S] = c deﬁnes the path of integration. The inversion formula of this transform is in the
formW ðr; hÞ ¼ 1
2pi
Z cþi1
ci1
rSW ðS; hÞdS ð12ÞApplying the ﬁnite Mellin transforms of the ﬁrst kind on (6) with boundary condition (9), it giveso2w
oh2
þ S2w ¼ 0 ð13Þ
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 
r!0
¼ 0 ð14ÞThe solution of (13) isw ¼ AðSÞ cos Shþ BðSÞ sin Sh ð15Þ
where A and B are unknown functions of S. In the same method, the solution of transformed electric potential
/* is/ ¼ CðSÞ cos Shþ DðSÞ sin Sh ð16Þ
where C and D are also unknown functions of S. The unknown functions A, B, C and D can be determined by
boundary conditions. Substituting Eqs. (1)–(3) in boundary conditions (8) and taking ﬁnite Mellin transforms
of the ﬁrst kind, we can determine the unknown functions A, B, C and D. Therefore, the transformed anti-
plane displacement and electric potential becomeswðS; hÞ ¼ ðe11F þ e15QÞða
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ð18ÞApplying the inverse ﬁnite Mellin transform to w* and /*, the displacement w and the electric potential / are
given bywðr; hÞ ¼ e11F þ e15Q
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dS ð20ÞThe residual theorem is used to carry out the inverse integral. From condition (14) the strip of integration
Re[s] = c is deﬁned asSn < c < Sn ð21Þ
where Sn are the poles of integrands in Eqs. (19) and (20). After complicated mathematical manipulations, the
results for the three regions arewðr; hÞ ¼ ðe11F þ e15QÞ
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ðe15F  C44QÞ ð28ÞWhen a = 0.2 m, h1 = 0.08 m, h2 = 0.14 m, and 2a = 30, Fig. 2 plots the distribution ofW along the x-axis (i.e.,
h = 0). The plot is accomplished by using 50,000 terms to calculate it. It shows that the antiplane displacement
 Fig. 2. Variation of W with distance r along x-axis (a = 0.2 m, h1 = 0.08 m, h2 = 0.14 m, 2a = 30).
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displacements can be derived accordingly and are shown in Appendix.
The factor (p/2a)  1 in the expressions of stresses and electrical displacements for r < h1 is known as the
singularity order of the singular electro-mechanical ﬁeld. The singularity order is independent of the wedge
radius a and coincides with the result of Chue et al. (2003) for an inﬁnite wedge problem. No singularities
are observed for a 6 p/2. In addition, for an edge crack in a piezoelectric medium (i.e., a = p), the singularity
order is reduced to the well-known square root singularity.
The antiplane electro-mechanical ﬁelds (e.g., w, /, s and D) of the whole ﬁnite wedge have been derived
analytically. Physically speaking, shz and Dh are zero at the points (h1,a) and (h2,a). In addition, shz and
Dh will diverge at the points (h1,a) and (h2,a) where the concentrated shear forces and free charges are
applied. These phenomena can be easily observed if we substitute Eqs. (17) and (18) into the following
equations:shzðr; hÞ ¼ C44r
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ð29ÞWe deﬁne R(r,h) = srz(a/F) = Dr(a/Q) and H(r,h) = shz(a/F) = Dh(a/Q) as the normalized stresses and elec-
trical displacements, respectively. When a = 0.2 m, h1 = 0.08 m, h2 = 0.14 m, and 2a = 150, Figs. 3(a) and (b)
plot the distributions of R and H along h = ±30, respectively. The plots are accomplished by using 5000
terms to calculate and the 5000th term will be converged on 1030. Since the singularities disappear
for 2a 5 180, the stresses and electrical displacements remain in ﬁnite values. It can also be seen that
R and H are continuous across the circular arcs r = h1 and r = h2. In addition, H (i.e., shz and Dh) vanishes
along the circular edge r = a according to the boundary conditions. The results of R and H for
the case 2a = 270 are plotted in Fig. 4. It appears that the stresses and displacements approach inﬁnity as
r! 0.
Fig. 3. Normalized stress and electrical displacement distributions when a = 0.2 m, h1 = 0.08 m, h2 = 0.14 m and 2a = 150. (a) R = srz(a/
F) = Dr(a/Q) and (b) H = shz(a/F) = Dh(a/Q).
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According to the concept of fracture mechanics, the stress and electrical displacement distribution near the
singularity point are described by means of the generalized intensity factor. By neglecting high order terms, the
stress and electrical displacement near the apex of wedge can be represented asshzðr; hÞ ¼ KsIII  rk1  fhzðhÞ ð30Þ
Fig. 4. Normalized stress and electrical displacement distributions when a = 0.2 m, h1 = 0.08 m, h2 = 0.14 m and 2a = 270. (a) R =
srz(a/F) = Dr(a/Q) and (b) H = shz(a/F) = Dh(a/Q).
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Dhðr; hÞ ¼ KDIII  rk1  ghðhÞ ð32Þ
Drðr; hÞ ¼ KDIII  rk1  grðhÞ ð33Þwhere Re[k  1] is the singularity order, KsIII the generalized stress intensity factor , KDIII the generalized
electrical displacement intensity factor, and fij(h) and gi(h) are the angular functions. Comparing Eqs.
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functionsFig. 5
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ð38ÞFig. 5 plots the variations of normalized intensity factor K* with a half wedge angle at diﬀerent ﬁnite radius
a when h1 = 0.08 m, h2 = 0.14 m. It shows that a ﬁnite wedge with a smaller wedge angle 2a and larger radius a
will lead to a larger generalized intensity factor. Physically speaking, the fracture toughness of a piezoelectric
material depends on the wedge angle. In general, it needs more energy to fracture a wedge with smaller wedge
angle under inplane deformation (Chen et al., 1996; Dunn et al., 1997).
If we let h = h1 = h2 and reduce the wedge to inﬁnite wedge (i.e., a!1), the generalized intensity factors
for stress and electrical displacement becomeKsIII ¼
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ﬃﬃﬃﬃﬃ
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ð39Þ. Variations of normalized stress and electrical displacement intensity factors with half wedge angle at diﬀerent ﬁnite radius a
.08 m, h2 = 0.14 m).
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ð40Þwhich compares well with the results of Chue et al. (2003).
5. Conclusion
The antiplane electro-mechanical ﬁelds of a piezoelectric ﬁnite wedge under a pair of concentrated forces
and free charges with circular segment at ﬁxed and grounded conditions have been completed in this paper.
The results show that the stresses and electrical displacements with or without singularities are continuous. In
addition, the generalized stress and electrical displacement intensity factors for ﬁnite or inﬁnite wedge have
been derived. The results of the case when a!1 compare well with those of previous studies. To the authors’
knowledge, no other suitable criterion can be used to evaluate the fracture behavior of a wedge structure until
now. Therefore, the values of generalized stress and electrical displacement intensity factors are temporarily
meaningless for predicting the fracture possibility except for the case of a crack in a medium (2a = 360).
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Appendix
The stresses and electrical displacements in ﬁve domains are as follows:
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